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ON EQUALITY OF CERTAIN AUTOMORPHISM GROUPS 


SURJEET KOUR, VISHAKHA 


Abstract. Let G = H x A be a group, where H is a purely non-abelian subgroup 
of G and A is a non-trivial abelian factor of G. Then, for n > 2, we show 
that there exists an isomorphism <j> : Aut 1 ^^ (G) -A such that 

4>(Aut"~ 1 (G)) = Aut™- 1 (H). Also, for a finite non-abelian p-group G satisfying 
a certain natural hypothesis, we give some necessary and sufficient conditions for 
Autcent(G ) = Aut"^ 1 (G). Furthermore, for a finite non-abelian p-group G we 
study the equality of Autcent(G) with Aut 1 ^^? (G). 


1. Introduction 

Let G be a group with the center Z{G) and the automorphism group Aut(G). 
For an abelian group H, Hom(G, H) denotes the abelian group of all homomor- 
phisms from G to H. For a given group G along with some nice properties, it 
would be interesting to examine the properties of its automorphism group and to 
determine relations among various subgroups of its automorphism group. So it is 
natural to look for appropriate conditions on a group G such that one can describe 
its automorphism group u Aut(G )” or could find out certain subgroups of Aut(G ) 
are isomorphic. Also, the group of homomorphisms is far better understood than 
the group of automorphisms and therefore it would be in a great interest of many 
mathematicians to see isomorphisms between subgroups of an automorphism group 
and suitable homomorphism groups. Recently, many mathematicians got interested 
to study the equality of certain subgroups of an automorphism group and a number 
of results have been proved in this direction. Many interesting results have been 
proved in 0 , 0 , m, 0 etc.. 

Most of the results, which have been proved in this direction, are either for a finite 
group or for a finite non-abelian p-group of nilpotency class at most two. Our main 
motivation behind this work is to study relations among certain subgroups of the 
automorphism group of two groups (need not be finite) and to study the relations 
among certain subgroups of the automorphism group of a finite non-abelian p group. 
In Section [3] and 01 we obtain quite a few interesting results for infinite groups and 
for finite non-abelian p-groups. These results are generalizations of some results 
which were proved either for a finite group or for a finite non-abelian p-group of 
class at most two. 
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An automorphism a of G is called central if g~ l a(g) £ Z(G) for all g £ G. The 
set of all central automorphisms, denoted by Autcent(G), is a normal subgroup of 
Aut(G). In [lj, Adney and Yen have obtained a very interesting relation between 
the central automorphism group Autcent(G) of a finite non-abelian group G and the 
homomorphism group Hom(G, Z(G)). They proved that, for a purely non-abelian 
finite group G (a finite non-abelian group G is said to be purely non-abelian, if it 
has no non-trivial abelian direct factor), there exists a bijection between Autcent(G) 
and Hom(G, Z(G)). This result is being used extensively in the study of central 
automorphism group and it is also referred at various places in this article. 

Let M and N be two normal subgroups of G. Let Aut M (G) denote the group of all 
automorphisms of G which fix M setwise and act trivially on G/M and let Autw(G) 
denote the group of all automorphisms of G which fix N element wise. The group 
Aut M (G)nAutN(G) is denoted by Aut^J(G). Note that Autcent(G ) = Aut^^(G). 

Definition 1. An automorphism (3 of G is called n th class preserving if for each 
g £ G, there exists x € 7 n (G) such that /3(g) = x~ 1 gx, where 7 n (G) denotes the 
n th term of lower central series. We denote the group of all n th class preserving 
automorphisms by Autf(G). 

Note that Aut\(G) is denoted by Aut c (G) and called the group of all class pre¬ 
serving automorphisms. 

Let H ], H' 2 ,..., Hk be k groups and let G be the direct product of H[s. In Section 
El we obtain relations between subgroups of Aut(G) and subgroups of Aut(Hj), 
which fix certain subgroups and quotient groups of the group G and the group Hj. 
More precisely, in Theorem 13.II we prove that for two normal subgroups Mj and Nj 
of Hj, if M = {1} x • • • x Mj x • • • x {1} and N = H\ x • • • x Nj x • • • x H^, then 
Autjj(G) is isomorphic to Aut^ 3 (Hj). 

As a consequence of Theorem 13.11 we obtain Theorem 13.21 which states that if 
G = H x A is a non-abelian group, where H is a purely non-abelian subgroup 
of G and A is a non-trivial abelian factor of G , then there exists an isomorphism 
(/> : Auf z n $(G) -7 Aut%$(H) such that ^(Aut™- 1 (G)) = Aut^(H). 

In [8, Theorem 4.1], Yadav proved that if G and H are two finite non-abelian 
isoclinic groups, then Aut c (G) is isomorphic to Aut c (H). Later on, Rai in [7, The¬ 
orem A] has extended Yadav’s above result to the group Autf?^(G), which states 
that if two finite non-abelian groups G and H are isoclinic, then there exists an 
isomorphism <f : Autf?^(G) -7 AutJ£^(H) such that <f(Aut c (G)) = Aut c (H). 

When G = H x A, Theorem A of Rai |7j , the extension of Yadav [H Theorem 
4.1], can be obtained from Theorem 13.21 bv taking G to be a finite group and n = 2. 

In the same article [8], Yadav also proved that for a finite nilpotent group G 
of class two, the group of all class preserving automorphisms is isomorphic to a 
subgroup of Hom(G/Z(G), 72 (G)). In Section El Theorem 13.41 we generalize this 
result and prove that if G is a finite nilpotent group of class at most n and H 
is a subgroup of G such that 7 n (G) C H C Z(G), then the group of (n — l) th 
class preserving automorphism is isomorphic to a subgroup of Hom(G/H, , y n (G)). 
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Yadav’s above result can be obtained from Theorem 13.41 bv taking n = 2 and H = 
Z(G). 

In Section [I] we obtain various equalities between the group of central automor¬ 
phisms of a finite non-abelian p-group G and suitable subgroups of the automor¬ 
phism group Aut{G) by putting some conditions on the group G. 

In 0 Theorem 3.1], Kalra and Gumber proved that for a finite p-group G, 
Autcent(G) = Aut c (G ) if and only if Aut c (G ) is isomorphic to Hom(G/Z(G), 72 (G)) 
and 72 (G) = Z(G). In Theorem 14.11 we prove that for a finite non-abelian p- 
group G and for n > 2 , if Autcent(G) = Aut 1 f~ 1 {G) then 7 n (G) < Z(G) and 
d(Z(G)) = d( 7 n (G)) also if exp(G/ 72 (G)) > uar( 7 n (G), Z(G)) then 7 n (G) = Z{G) 
and Aut” _ 1 (G) is isomorphic to Hom(G / Z{G), r y n {G)). We obtain Kalra and Gum¬ 
ber [ 6 ] Theorem 3.1] as Corollary l2l of Theorem 14.11 

In [7] Theorem B(l)], Rai also studied the equality of the group of central au¬ 
tomorphisms with Aut^Qj (G). He proved that for a finite non-abelian p-group G 

of nilpotency class two, Autcent(G) = Aut^ffl (G) if and only if 72 (G) = Z(G). 
In Theorem 14.21 for n > 2, we prove that for a finite non-abelian p-group G, if 
Autcent(G) = Aut 1 ^^(G) then 7 n (G) < Z(G) and d(Z(G)) = d(j n (G)) also if 
exp(G/ 72 (G)) > var(j n (G), Z(G)) then 7 n (G) = Z(G), which generalizes Rai’s 
above result. 


2. Notations and Preliminaries 

Throughout the article, n denotes a positive integer and p denotes a prime num¬ 
ber. We use 1 to denote the identity of a group. For basic definitions we refer [3]. 
Here we recall some definitions: 

The exponent of a group G, denoted by exp(G), is the smallest positive integer n 
such that g n = 1 for all g £ G. For a finite abelian group G, d{G) denotes the rank 
of G. Let G and H be two finite abelian p-groups. Let 

G = Cp n 1 x Cp n 2 x ■ ■ • x Cpns , 

H = Cp m l X Cp™2 X • • • X Cp-m-t 

be the cyclic decompositions of G and H respectively, where n % > 1 and mj > 

rrij .|_i are positive integers and C p i denotes the cyclic group of order p\ If d{G) = 
d(H), that is s = t, and G is a proper subgroup of H , then there exists a unique 
integer r such that n r < m r and rij = rrij for all r + 1 < j < t. In this case, we 
define var(G,H) = p nr . In other words, var(G,H) denotes the order of the last 
cyclic factor of G whose order is less than that of the corresponding cyclic factor of 
H. If G = H , then we say var(G,H ) = 1. 

The following lemmas are well known. 

Lemma 1. Let G be a nilpotent group of class n. Then exp(G/Z(G )) divides 
exp^niG)). Furthermore, if n = 2 , then exp(G/Z(G)) = exp^iG)). 

Lemma 2. Let G be a group and let H, K be two normal subgroups of G such that 
H C K. Then exp(G/K) divides exp(G/H). 
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Lemma 3. Let G = H x K, where H and K are two groups. If K is abelian, then 
G is nilpotent of class n if and only if H is nilpotent of class n. 

For a purely non-abelian finite group G , Adney and Yen proved the following 
result. 

Theorem 2.1. JTj Theorem 1] Let G be a purely non-abelian finite group. Then 
\Autcent(G)\ = \Hom(G,Z(G))\. 

Note that Hom(G, Z(G)) is isomorphic to Hom(G / ji(G ), Z(G)) for all i >2. So, 
for i > 2 , we have 

\Autcent(G)\ = \Hom(G/ji(G), Z(G))\. 

The following lemmas are proved in [3] and [5]. 

Lemma 4. J3j, Corollary 3.3] Let G = H x K, where H and K have no common 
direct factor. Then 

\Autcent(G)\ = \Autcent(H)\\Autcent(K)\\Hom(H, Z(K))\\Hom(K, Z(H))\. 

Lemma 5. [5, Lemma 2.2(i)j Let G,H and K be finite abelian p-groups with H C 
K. Then the following statements are equivalent: 

(1) Hom(G,H) = Hom(G, K); 

(2) Either H = K or d(H) = d(K) and exp(G) < var(H , K). 

3. Class Preserving Automorphisms 

Let H\, H 2 , ■ ■ ■, Hk be k groups (need not be finite) and let G be the direct 
product of H-s. Let nj denote the projection of G on Hj. Here we prove some 
relations among the subgroups of Aut(G) and Aut(Hj), where j £ {1,... , k}. 

Theorem 3.1. Let H\, H 2 , ■ ■ ■, be k groups and let G = H\ x H 2 x • • • x Hf. 
For a fixed j £ {1 ,... ,k}, let Mj and Nj be two normal subgroups of Hj. If M = 
{1} x ■ ■ ■ x Mj x ■ • • x {1} and N = H\ x • • ■ x Nj X ■ ■ ■ x H k , then 

(1) For each f £ Autj^(G) the map ag : Hj —> Hj given by ctf(hj) = 
7 Tjo/(l,..., hj, ..., 1) is an automorphism and it belongs to Aut N J . (Hj). 

(2) The map f> : Aut jy (G) Aut(Hj) given by <j>(f) = «/ is an isomorphism. 

Proof. (1) First we show that aj is an automorphism. Clearly, aj is a homo¬ 
morphism as / and iTj are homomorphisms. 

To prove otf is injective, consider hj £ Hj such that ctf(hj) = 1. Note 
that (1,..., hj,..., 1) £ G. Since / £ Aut^(G), therefore there exists mj £ 
Mj such that f(l,...,hj,...,l) = (1,..., hjmj,..., 1). Then, aj(hj) = 
nj(l,...,hjmj,...,l) = hjmj = 1. Thus f(l,...,hj,...,l) = (1,...,1). 
Since / is injective, therefore hj = 1. Hence otf is injective. 

Now we show that otf is surjective. Let hj £ Hj. Since / is onto, therefore 
there exists (ai,..., a k ) £ G such that f(a \,..., a k ) = (1,..., hj,..., 1). As 
/ fixes N element wise, /(1 ,... ,aj,..., 1) = (a^ 1 ,..., hj ,..., af 1 ). There¬ 
fore, otf(aj) = TTj(af 1 ,... ,hj,..., af l ) = hj. Hence ag is an automorphism. 


ON EQUALITY OF CERTAIN AUTOMORPHISM GROUPS 


5 


Also hj 1 a.f(hj ) £ Mj for all hj £ Hj and otf(nj) = rij for all iij £ Nj. Thus 
a f £ ,). 

( 2 ) To prove that <fi is a homomorphism, consider /i, f 2 £ Aut jy (G) and hj £ Hj. 
Let £ 1 , £2 G Mj be such that / 2 ( 1 ,..., hj ,..., 1) = (1,... , hjX 2 ,..., 1) and 
/io/ 2 (l, • • • ,hj ,..., 1) = /i(l,.. .,hjx 2) ... ,1) = (1,.. .,hjX 2 x 1 ,... ,1). 

Then 

a h oa f 2 (hj ) = a/i( 7 Tj 0 / 2 ( 1 ,.. ■, hj ,..., 1 )) = af 1 (hjX 2 ) 

= 7TjO/l(l, . . . , hjX 2 , .... 1) = hjX 2 X\ 

=> a h oa h {hj) = 7Tjo(/io/ 2 )(1,. . • ,hj ,... ,1) = a flof2 (hj). 

Therefore, 4>(f\of 2 ) = a floh = a fl oa h = (/>(fi)o^>(f 2 ). 

To prove that </> is injective, consider / £ Aut^f (G) such that </>(/) = 
1, that is, 6(f){hj) = ctf(hj) = hj for all hj £ Hj. Since / £ 
Auttf(G), therefore there exists rrij £ Mj such that /(1,..., hj ,..., 1) = 
(1,..., hjirij ,..., 1). Now hj = af(hj) = 7 Tjo/(l,..., hj ,..., 1) = hjnij 
and therefore rrij = 1. Thus /(1,..., hj ,..., 1) = (1,..., hj ,..., 1) for all 
hj £ Hj. As / fixes N element wise, f(a \,..., a*,) = (ai,...,afc) for all 
(ai,..., a*;) £ G. Hence 0 is injective. 

Now we show that cf is surjective. Let if £ Aut^ (Hj). Define f^ : G —> G 
as fy(hi ,..., hj ,..., hk) = (hi ,..., if(hj ),..., hk). It is easy to observe that 
f^p £ Aut^(G). Furthermore, (f(f^) = if. Thus cf is an isomorphism. 

□ 

In [TJ, Theorem A], Rai proved that if G and H are two finite isoclinic groups, 
then there exists an isomorphism T : Aut^^ (G) -A- Aut^^(H) such that 
'&(Aut c (G)) = Aut c (H). Note that if G = H x A, where H is a purely non-abelian 
subgroup of G and A is a non-trivial abelian factor of G, then G and H are isoclinic. 
As a consequence of Theorem 13. 11 we obtain the following result which generalizes 
the above result of Rai [7J Theorem A] to any group (need not be finite) in the case 
G = H x A. 

Theorem 3.2. Let G = HxA be a group, where H is a purely non-abelian subgroup 
of G and A is a non-trivial abelian factor of G. Then, for n > 2 , there exists an iso¬ 
morphism cj) : Aut 1 ™^ (G) —>■ Autlff^ (H) such that ^(Autf^ 1 (G)) = Aut™ -1 (H). 

Proof. Note that Z(G) = Z(H) x A and 7 n (G) = 7 n (H) x {1}. Then, by The¬ 
orem [3TT1(2) , we have an isomorphism (f : Aut^'j^ (G) —> Aut^ 1 ^ (H) given by 
4>(f) = otf, where aj is the map defined in Theorem 13.11 1). Next, we show that 
cf(Aut r f~ 1 (G)) = Aut™~ l (H). Let tth be the projection of G on H. Consider 
/ £ Aut 7 f~ 1 (G) C Autlffffl (G), then <f(f) £ Aut 1 ^^ (H). Also for any h £ H, we 
have 4>(f)(h ) = a/(h) = 7 rn(f(h, 1)) = k~ 1 hk] where f(h, 1) = (k~ 1 hk, 1) for some 
k £ y n _i (H). Thus </>(/) £ Hence <f(Aut'f^ 1 (G)) C Aut™~ l (H). 
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Now, consider ^ E Aut™ 1 (H) and define fy : G —> G as f$(h,a) = (ip(h),a) for 
all (h,a) E G. It is easy to see that E Aut™~ l (G). Also for h E H, (j>(f^)(h) = 
a u( h ) = KH(U(h,l)) = -rr H (i>(h),a) = if(h). Hence <t>{f^) = ij). Thus if G 
^{Aut™~ l {G)). Hence Au%-\H) C ftAut”- 1 (G)). □ 

Lemma 6. Let G be a group. Let M and N be two normal subgroups of G such 
that M is abelian and [N,M] = 1. Then the following statements are true: 

(1) For each f E Aut//(G) the map aj : G/N -A- M given by ctf(gN) = g~ 1 f(g) is 
well defined. 

(2) If fi, h G Aut/J ( G ) and /i ^ / 2 then a fl ^ a h . 

Proof. (1) Let < 71,52 G G with 51 A" = 52 IV. Then 51 = 52 n for some n E IV. 
Observe that 

5r 1 /(5'i) = (, 92 n)~ 1 f(g 2 n ) = n _1 gf 1 f (g 2 ) f (n) = n^gf 1 f(g 2 )n. 

Since gf l f{g 2 ) E M and [IV, M] = 1, therefore gf 1 f(g 2 ) commutes with n. 
Thus 5 fV( 5 i) = gf 1 f(g 2 )- 

(2) If /i ,/ 2 E Aut//(G) and f\ / f 2 . Then /i( 5 ) / f 2 (g) for some g E G. This 
implies that < 7 - 1 /i(< 7 ) 7 ^ g~ 1 f 2 (g)- Therefore a.f l ^ ap 2 . 

□ 


A subgroup H of a group G is called central if H C Z(G). 

Theorem 3.3. Let G be a group and let M and N be two normal subgroups of G. 
Suppose, M is a central subgroup of G. Then the following statements are true: 

(1) For each f E Aut/J (G) the map ag : G/N -a M given by ap(gN) = g~ 1 f(g) is 
well defined and it is a homomorphism. 

(2) If G is finite and M C N , then the map f : Aut// (G) -A Hom(G/N,M) defined 
by <K/) = OLf is an isomorphism. 

Proof. (1) By Lemma[6[l) the map aj is well defined. Let 51,52 G G. Then 

&f(giNg 2 N) = a f {gig 2 N) = g^g^figijf^). 

Since 5r 1 /(fl'i) EMC Z(G), therefore a f (giNg 2 N) = gf 1 f{gi)gf l 7 ( 52 ) = 
otf(giN)af(g 2 N). Thus ap is a homomorphism. 

(2) Let / 1 , f 2 E Aut//(G). We claim that ctfrOtf 2 = a/ 1D / 2 . Let 5 E G. Since 
g~ l f 2 (g) EMC JV, therefore 5IV = f 2 {g)N. Then 

(«/i <*f 2 )(gN) = a fl {gN)a h (gN) 

= a fl {f 2 {g)N)a h (gN) 

= f 2 (g~ 1 ) h(f 2 (g)) g _1 f 2 (g)- 

Since g~ l f 2 {g) E M C Z(G), therefore 5 _1 /2(5) f2{g~ 1 )f i(/i 2(g)) = 
g 1 fi{f 2 {g)) and hence ( af 1 af 2 )(gN ) = a/ l 0 / 2 ( 5 IV). This proves that the 
map f is a homomorphism. 
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By Lemma [6](2) cp is injective. It remains to show that cp is surjective. 
Let ip £ Hom(G/N, M) be arbitrary. We define the map : G —> G as 
U(g) = gip(gN) for all g £G. 

First we claim that is a homomorphism. Let g\,g 2 £ G. Then 
U(gig 2 ) = 3132 ^( 3132 ^) = gig 2 i’(giN)ip{g 2 N). 

Since ip(g\N) £ M C Z(G), therefore gig 2 ip{giN)ip(g 2 N) = 
31 ^( 31 ^) 32 ^( 32 ^) and hence ^( 3132 ) = U{gi)U(g 2 )- 

Next we claim that is injective. Let g £ G with f^(g) = 1. Then 
gip(gN) = 1 and so ip{gN) = g~ 1 . Since ip(gN) £ M C IV, it follows that 
g~ l £ N and so ip(gN) = 1. Thus 3 = 1. 

Since the map fy is injective and G is finite, therefore is surjective. Thus 
fjp £ Aut{G). Now it is easy to observe that fy £ Aut ^ (G) and <p(fjp) = ip. 
Hence the map cp is surjective. 

□ 

Let G be a nilpotent group of class at most n and H be a central subgroup of G. 
We denote the group {/ £ Hom(G/H,'y n (G)) \ f(gH) £ [ 3 , 7^-1 (G)] Vg £ G} by 
Hom c (G/H,j n (G)). 

In P Proposition 3.1], Yadav proved that for a finite nilpotent group G of class 
2 , Aut c (G) is isomorphic to Hom. c (G/Z(G),'y 2 (G)). We generalize this result to a 
finite nilpotent group of class n. Also we observe that the result is true for any 
central subgroup H of G which contains 7 n (G). 

Theorem 3.4. Let G be a finite nilpotent group of class at most n and let H be 
a central subgroup of G such that y n (G) < H. Then, for n > 2, Aut’f^ 1 (G) is 
isomorphic to Hom c (G/H,'y n (G)). 

Proof. Since 7 n (G) < H, therefore by Theorem 13.31 21 if we take M = y n (G) and 
N = H, the map (p : Aut 1 ff iyG \G) -£ Hom(G / H , 7 n (G)) defined by <p{f) = «/ is an 
isomorphism. 

Note that Aut” _1 (G) C Aut' y I f^ G \G) and hence the restriction map <p : 
Aut™~ l (G) —> Hom(G / H,'j n (G)) is a injective homomorphism. It remains to show 
that (p(Aut' , f~ 1 (G)) = Hom c (G/H, r / n (G)). Let f £ Aut™ -1 (G) be arbitrary. Then 
for a given g £ G, there exists x £ 7 n-i (G) depending on g , such that f(g) = x~ 1 gx. 
Thus 

<t>(f)(g H ) = a f{g H ) = 3 -1 /(3) = g~ l x~ l gx = \g,x\ £ [3,7n-i(G)]. 

Therefore cp(f) £ Hom c (G / H,^ n {G)) and hence (p^Aut™- 1 (G)) C 

Hom c {G/H,j n (G)). 

Let ip £ Hom c (G / H, r y n (G)) be arbitrary. We define the map f^ : G —> G by 
fi’(g) = gf’(gH) for all g £ G. Then by using the argument similar to Theorem 

13.3( 2). fy £ AutJf^ G \G). Now it is easy to see that fy £ Aut 1 f^ 1 {G) and (p(f^) = 
a.f = ip. Thus Hom c (G/H,^ n {G)) C ^{Autf^ 1 (G)). Hence the map cp is an 
isomorphism from Aut'f~ 1 (G) to Hom c (G/H,^ n {G)). □ 
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Corollary 1. Let G be a finite nilpotent group of class n. Then Aut'f X (G) is 
isomorphic to Hom c (G/Z(G), 7n (G)). 

Proof. Take H = Z{G). Then the result follows from Theorem 13.41 □ 

Now the result of Yadav [ 8 ], Proposition 3.1] follows from Corollary [T] by putting 
n = 2 . 

4. P-GROUPS WITH Autcent(G) EQUAL TO EITHER Aut^iG) OR Aut'"^) (G) 

Here we discuss the equality of central automorphisms with (n — \) th class pre¬ 
serving automorphisms and with Autlfffffi(G). 

Theorem 4.1. Let G be a finite non-abelian p-group and n > 2. Let Aut™~ l {G) = 
Autcent(G). Then 

(1) 7 n(G) < Z(G) and d( 7n (G)) = d(Z(G)). 

(2) If exp{G/ 72 (G)) > var(rf n (G),Z(G)), then 7 n (C) = Z{G) and Aut^iG) is 
isomorphic to Hom(G/Z(G ), 7n (G)). 

Conversely, if 7 n {G) = Z{G) and Aut'f^ 1 (G) is isomorphic to 
Hom(G/Z(G), 7n (G)), then Aut’f~ 1 (G ) = Autcent(G ) and exp{G/ 72 (G)) > 
var( 7n (G), Z(G)). 

Proof. (1) Let Autf~ l {G) = Autcent(G). We first prove that 7 n (G) < Z(G). 
Let g G G and x G 7 n _i(G). Then \g,x\ = g~~ 1 a x -i(g), where a x -i is defined 
as 07 - 1 ( 0 ) = x _1 ax for all a G G. As 07-1 G AuVf~ 1 (G) = Autcent(G), we 
get [g,x\ = g^ 1 cr x -i(g) G Z(G), and therefore 7 n (G) < Z(G). 

To prove that d( 7n (G)) = d(Z(G)), first we show that G is purely non- 
abelian. Suppose, if possible, G has a non-trivial abelian direct factor, say 
G = H x A where H is a purely non-abelian subgroup and A is a non¬ 
trivial abelian direct factor of G. Note that 7 n (H) < Z(H). Then using 
LemmalHand Theorem 13.21 \Autcent(G)\ > \Autcent(H)\ > \AuVf~ l (H)\ = 
\AuVf~ l {G)\ = \Autcent(G)\, which is absurd. Thus G is purely non-abelian. 
Hence, by Theorem 12.11 

\Autcent(G)\ = \Hom(G/ 72 (G), Z(G))\. 

Now for / G Auff^ 1 (G), by Theorem 13.31 1). if we take M = 7 n (C) and 
N = {1}, the map aj G Hom(G, 7n (G)). As 72 (C) C ker(aj ); a/ 
can be extended to a homomorphism from G/ 72 (G) to 7 n (G). Therefore, 
\Aut™~ l (G)\ < \Hom(G/ 72 (G), 7n (G))\. Thus by the given condition, 

Hom(G/ 72 (G),Z(G)) = Hom(G/ 72 (G), 7n (G)). 

Then by using Lemma 0 d{ 7n {G)) = d{Z{G)). 

( 2 ) Since exp(G/ 72 (G )) > var( 7n (G), Z(G)), therefore by using Lemma [5] we 
get 7 n(C) = Z(G). 

Note that Autcent(G ) = Aut^^(G). Then by Theorem 13.31 21. if 
we take M = Z(G) and N = 7 n (G), Autcent(G) is isomorphic to 
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Hom(G/'y n (G), Z(G)). Since 7 n (G) = Z(G), therefore Autcent(G ) is iso¬ 
morphic to Hom(G/Z(G),'-f n (G)). As Aut' l f~ 1 (G) = Autcent(G), it follows 
that Aut'f~ 1 (G) is isomorphic to Hom(G/Z(G),'y n (G)). 

Conversely, assume that 7 n (G) = Z{G ) and Aut 1 f~ 1 (G) is isomorphic to 
Hom(G/Z(G),'y n (G)). Now as 7 n (G) = Z(G), therefore G is purely non-abelian 
and 

AuTf~ l {G) C Autcent{G). Hence, by using Theorem 12.11 we get, 

\Autcent(G)\ = \Ham(G/'y n (G),Z(G))\ 

= | Hom(G/Z(G), ln (G))\ 

= \Autr\G)\. 

Therefore, Autcent(G) = Aut r f~ 1 {G). Clearly, exp(G / ^(G)) > 

var{ ln (G),Z{G)). □ 

Now we prove the result of Kalra and Gumber j 6 j Theorem 3.1], 

Corollary 2. JB, Theorem 3.1] Let G he a finite non-abelian p-group. 
Then Aut c (G ) = AutcentiG) if and only if Aut c (G ) is isomorphic to 
ffom(G/Z(G),72(G)) and 72(G) = Z(G). 

Proof. Note that var (72(G), Z(G)) < exp^iG)) = exp{G/Z{G )) < exp(G /72(G)). 
Now the result follows from Theorem rm □ 

Lemma 7. Let n > 2 and let G be a finite non-abelian p-group such that 
A u ^z(G) (G) = Autcent(G). Then G is purely non-abelian and 'jniG) < Z(G). 

Proof. Let us assume that Aut£ffl(G) = Autcent(G). Then by the similar argu¬ 
ment as in Theorem eh we get 7 n(G) < Z(G). Next, we show that G is purely 
non-abelian. Suppose G is not purely non-abelian, say G = H x A where H is 
a purely non-abelian subgroup and A is a non-trivial abelian direct factor of G. 
Note that 7 n (H) < Z(H). Then by using Lemma [4] and Theorem 13.21 we get 
\Autcent(G)\ > \Autcent(H)\ > \Aut^^(H)\ = \Aut 1 "^ (G)\ = \Autcent(G)\, 
which is absurd. Hence G is purely non-abelian. □ 

The following theorem is a particular case of | 2 j Corollary C]. Here we have 
provided a different proof. 

Theorem 4.2. Let G be a finite non-abelian p-group and let n > 2. Let 
A u ^z{G) (G) = Autcent(G). Then 

(1) 7n (G) < Z(G) and d{ ln {G)) = d(Z(G)). 

(2) If exp(G/ 72 (G)) > uar( 7n (G),Z(G)), then 7n (G) = Z(G). 

Conversely, if 7 n (G) = Z(G), then exp(G /72(G)) > var{^ n (G), Z(G)) and 
A u tz(G) (G) = Autcent(G) 
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Proof. ( 1 ) Let us assume that Aut ! f 1 ^ (G) = Autcent(G). Then by Lemma [71 
G is purely non-abelian and 7 n (G) < Z(G). As G is purely non-abelian, by 
Theorem 12.11 we get \Autcent(G)\ = \Hom(G /72(G), Z(G))\. 

Now for / € Autl^ffl(G) C Aut ln ^ G \G), by Theorem 13 . 3 ( 1 ). if we take 
M = j n (G) and N = { 1 }, the map a/ G Hom(G, r y n (G)). As 72(G) C 
ker(af ); 07 can be extended to a homomorphism from G/-y 2 {G) to 7 n (G). 

Therefore, |AuG/)^(G)| < |Hom(G/72(G),7 n (G))|. Thus we have, 
|i?om(G/72(G),Z(G))| = |Autcerai(G)| 

= \Auf z n $(G)\ 

< \Hom{G/ l 2 {G), ln {G))\. 

Hence, Hom(G/ r j 2 (G), Z(G)) = Hom(G/ r y 2 (G), r y n (G)). Therefore by 
using LemmaO d(y n (G)) = d(Z(G)). 

(2) Since exp(G /'12(G)) > var('y n (G), Z(G)), therefore by Lemma 0 we get 
7 n(G) = Z(G). 

Conversely, assume that 7 n (G) = Z(G). Then we have 

Autcent(G) = Aut*fJ } (G) C Aut^(G) = Aut£$(G). 

Thus Autcent{G) C Aut 1 ^^ (G). Hence (G) = Autcent(G). 

Since 7n (G) = Z(G), exp(G/ l 2 (G)) > uar( 7n (G), Z(G)). □ 

The result of Rai [TJ Theorem B(l)] follows from the following corollary. 

Corollary 3. Let G be a finite non-abelian p-group. Then Aut^^ (G) = 
Autcent(G) if and only if 72(G) = Z(G). 

Proof. Note that uar(72(G), Z(G)) < exp(i 2 (G)) = exp(G/Z(G )) < exp(G/ j 2 (G)). 
Now the proof follows from Theorem 14.21 

□ 
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